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New Formulation of Hardin–Pope Equations for Aeroacoustics

John A. Ekaterinaris¤

Risoe National Laboratory, DK-4000 Roskilde, Denmark

Predictionsof aeroacousticdisturbancesgenerated by low-speed unsteady� ows canbe obtainedwith the two-step
method proposed by Hardin and Pope (Hardin, J. C., and Pope, S. D.,“An Acoustic/Viscous Splitting Technique for
ComputationalAeroacoustics,” Theoretical and ComputationalFluid Dynamics, Vol. 6, No. 5–6, 1994, pp. 334–340).
This method requires detailed information about the unsteady aerodynamic � ow� eld, which usually is obtained
from a computational � uid dynamics solution. A new, conservative formulation of the equations governing acous-
tic disturbances is presented. The conservative form of the governing equations is obtained after application of a
transformation of variables that produces a set of inhomogeneous equations similar to the conservation-law form
of the compressible Euler equations. The source term of these equations depends only on the derivatives of the
hydrodynamic variables. Explicit time marching is performed. A high-order-accurate, upwind-biased numerical
scheme is used for numerical solution of the conservative equations. The convective � uxes are evaluated using
upwind-biased formulas and � ux-vector splitting. Solutions are obtained for the acoustic � ow� eld generated by a
corotating vortex pair. Computed results are compared with the analytic solution.

Nomenclature
A; B = � ux Jacobian matrices
c = speed of sound
e = internal energy
F; G = mixed-type � ux vectors
f ; g = conservative � ux vectors
P = hydrodynamic pressure
Po = freestream pressure
NP = average pressure
p0 = acoustic pressure
Q = acoustic and � ow variable vector
q = conservativevariable vector
R = residual-term vector
Ro = half distance between point vortices
S = source term
U; V = incompressiblevelocity components
u 0; v 0 = acoustic velocity components
x; y = Cartesian coordinates
0 = vortex circulation
½o = constant incompressibledensity
½1 = density correction
½ 0 = acoustic density
! = angular velocity

I. Introduction

A ERODYNAMIC sound generation by low-speed � ows is of
interest for many applications, such as automobile and wind

turbine noise. Direct numerical simulations (DNSs) of the full
compressible equations,which describe both sound generation and
propagation, can be used for simple model problems.1 Aeroacous-
tic calculations with DNSs for low Mach numbers, however, are
prohibitively expensive. Less computationally intensive methods,
such as acoustic analogies2 or numerical solution of the linearized
Euler equations,3;4 can be used for sound propagation.These meth-
ods, however, require information about the character and strength
of the sound sources. In Ref. 2, noise generation from laminar,
low-speed � ow over an airfoil at an angle of attack was com-
puted using an integral formulation of Lighthill’s5 acoustic anal-
ogy. The acoustic dipole and quadrupole sources2 were obtained
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from a Navier–Stokes solution. In Ref. 4, the sound radiation from
a monopole source in the presence of a uniform stream was com-
puted. The far-� eld sound radiation also can be obtained from a
Kirchoff method. Kirchoff methods6 are applied in connectionwith
a computational � uid dynamics (CFD) solution that is used to com-
pute pressure variations on a closed surface. The accuracy of the
predicted far-� eld acoustic intensity dependson the accuracy of the
computed time-dependentpressure distribution on this surface.

Recently, Hardin and Pope7 introduceda two-step approach suit-
able for the computationof soundgeneratedby low-speed,unsteady
� ows.This methodutilizesinformationfor theentire incompressible
� ow� eld, which is obtained from a CFD computation or a closed-
form expression.The incompressible� eld solution is used to de� ne
a density perturbation½1 and to split the compressible Euler equa-
tions into hydrodynamic terms and perturbed acoustic terms. The
computation of sound generation and propagation is carried out in
two steps as follows: First, the time-dependentvelocities and pres-
sure of the viscous, incompressible � ow� eld are obtained either
from a closed-formsolution or from a numerical solution of the un-
steady, incompressible-�ow equations. Next, the acoustic radiation
is obtained from the numerical solution of a set of inhomogeneous,
inviscidequations.Theseequationsincludethe variable-densityper-
turbation½1 , which relatesthe incompressible� ow� eld to theacous-
tic disturbances. The incompressible density correction ½1 acts as
the sound source to the compressible acoustic � eld. This density is
de� ned as the deviation of the instantaneouspressure from its aver-
age valuevia isentropicrelations.Furthermore,other hydrodynamic
quantities, such as velocities and pressure, multiply the acoustic
perturbationsor appear as source terms in the equation that governs
aeroacoustic disturbances, and couple hydrodynamic variations to
the acoustic � eld. The advantage of the two-step method of Hardin
and Pope is that it makes possiblecomputationof aeroacousticnoise
generation and propagation by viscous, unsteady, low-speed � ows
in complexdomainsat only a fractionof thecomputingcost required
for the CFD solution of the time-dependent � ow� eld.

Similar techniqueswere appliedfor aeroacousticcomputationsof
higherMach number � ows with appreciablecompressibilityeffects.
Sankar et al.8 assumed that the � ow� eld variable vector could be
decomposed into three components as q D qo C q 0 C q 00, where qo

represents the mean steady � ow� eld, q 00 is an externally imposed
acoustic � eld, and q 0 is the acoustic � eld generated in response to
the imposed acoustic � eld. In Ref. 9, the � ow variables q were
decomposed into a mean � ow component qo and a perturbation
componentq 0, as q D qo C q 0. This separationinto � ow and acoustic
components was performed to ensure that the mean � ow does not
overwhelm the acoustic component. The acoustic � eld in Ref. 9
is computed from a set of inhomogeneous, inviscid equations. The
techniqueof Ref. 9 was used for numerical predictionsof jet noise.
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The technique of Ref. 7 was applied to the calculation of sound
generation by low-speed, practically incompressible � ow over a
two-dimensional cavity10 and for the calculation of the sound
generated by a corotating vortex pair.11 ;12 The governing equa-
tions originally presented in Ref. 7 included acoustic and hydro-
dynamic variable derivatives in a nondivergence form. Therefore,
in Refs. 10 and 11, McCormack’s predictor corrector scheme was
used for the numerical solution because standard explicit and im-
plicit schemes applied to the solution of the compressible Euler
equations were not directly applicable. In Ref. 12, the equations
for the acoustic � eld were written in a primitive variable form.
The primitive variable form enabled the use of an upwind-biased,
high-ordernumerical scheme for the numericalsolution,whereas in
Refs. 10 and 11, a scheme that was second-order accurate in space
and time was used.

In this paper, the equations governing the sound � eld, originally
proposed by Hardin and Pope, are rewritten into a form similar to
the conservative form of the compressible Euler equations, using a
simple transformation of variables. The advantage of the new for-
mulation is that the equations are in strong conservation-lawform;
therefore, high-resolutionnumerical schemes developed for the so-
lution of the compressible Euler equations are directly applicable.
The numerical solution of the transformed equations is obtained
with a standard Riemann solver widely used for solution of the
inviscid, compressible gasdynamic equations. Numerical solutions
are obtained for the same model problem of sound generated by
the corotating vortices that was used to test the accuracy of the
numerical scheme in Ref. 12. Results obtained with a third- and
a � fth-order scheme are presented and compared with the analytic
solution.

II. Governing Equations
The essential feature of the Hardin and Pope two-step method

is the introduction of a hydrodynamic density correction, ½1 D
½1.x; t/, which is de� ned as

½1 D .P ¡ NP/
¯

c2
o .1/

with

NP D lim
T ! 1

1
T

Z T

0

P dt

For isentropic � ow the pressure, p D p0 C P , is related to density
through the following algebraic equation:

p=pref D .½=½ref/
° .2/

Incompressible-�ow pressure � uctuations, p1.x; t/, are balanced
by the density � uctuations,½1.x; t/, i.e., p1.x; t/ D c2½1.x; t/. Sub-
stituting ½ D .½o C ½1/ C ½ 0; u i D Ui C u 0

i , and p D P C p0 in the
compressible-�ow equations and utilizing the incompressible-�ow
equations to eliminate terms involving Ui ; P , we obtain a set of
� rst-order nonlinear equations for the acoustic perturbations.

A. Isentropic Flow
The original form of the equations governing the acoustic � eld,

derived in Ref. 7, is

@Q
@ t

C @F
@x

C @G
@y

D S .3/

where Q is a vector that contains both acoustic and hydrody-
namic variables. For example, the momentum derivatives include
the acoustic density � uctuation½ 0 and the sum of momenta with re-
spect to the acoustic velocity .½o C ½1 C ½0/u0, plus the momentum
with respect to the hydrodynamic velocity ½0U. This vector is

Q D

8
><

>:

½ 0

.½0 C ½1 C ½ 0/u 0 C ½0U

.½0 C ½1 C ½ 0/v0 C ½0V

9
>=

>;

The nonlinear convective � ux terms F and G are also of mixed
type and include both acoustic and hydrodynamicterms. These � ux
vectors are

F D

8
><
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9
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>;

The source term S includesthe total derivativesof the hydrodynamic
density correction½1 and its � uxes ½1U and ½1V . This term is given
by

S D ¡
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In Eq. (3), the acoustic density � uctuation ½0 is normalized by
½o, the acoustic velocities are normalized by co , and the acoustic
pressure is normalized by ½oc2

o . Therefore, the acousticpressure for
isentropic-�ow pressure is obtained as in Eq. (2) from

p0 D .1=° /.½o C ½1 C ½ 0/° ¡ P

The following substitutions of variables are introduced: ½ D
½o C ½1 C ½ 0; O½ D ½o C ½1, u DU C u 0, and v D V C v 0. With these
substitutions, the variable vector Q and the � ux vectorsF; G can be
rewritten as

Q D
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9
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>;
¡

8
><
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>;
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9
>=

>;
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9
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>;
D g ¡ Og

The terms Oq; Of , and Og depend only on the incompressible � ow ve-
locities, the density correction ½1, and the constant incompressible
density ½o . They are, therefore, source terms and are moved to the
right-hand side as additions to the original source term S. The left-
hand side, however, with the remaining vectors q; f , and g, has a
form identical to the continuity and momentum in the compressible
Euler equationsfor the new variables ½ D ½o C ½1 C ½ 0, u D U C u0,
and v D V C v 0. Thus, the governing equations are rewritten in the
following compact form:
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@y
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.4/

where
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as the new source-term vector. The incompressibilitycondition for
the mean � ow . r ¢ V D 0/ yields

@ O½
@t

C @ O½U

@ x
C @ O½V

@y
D D O½

Dt

@ O½U

@t
C @ O½U 2

@x
C @ O½U V

@y
D D O½U

Dt

Therefore, OS D Oq C Of C Og can be written as

OS D D
Dt

. O½; O½U; O½V /T ; O½ D ½o C ½1

The transformed equations are in conservation form and more
convenient for numerical implementation. These equations can
be solved numerically with standard, high-resolution central-
differenceor upwind methods used for solutionof the compressible
Euler equations.

B. Nonisentropic Flow
For nonisentropic� ows the energy equation of the compressible-

� ow equations can be used to compute the acoustic pressure. The
acousticpressure p0 is coupled to the internal energy of the acoustic
perturbation e0 with the following equation of state:

p D .P C p0/ D .° ¡ 1/[e ¡ ½.u2 C v2/=2] .5/

where the density and velocities and the total internal energy are
sums of the hydrodynamiccomponentsplus the acoustic � uctuation
as

½ D ½o C ½1 C ½0

u D U C u 0; v D V C v 0; e D E C e0

The internal energy E for incompressibleviscous � ow is decou-
pled from continuity and momentum and satis� es the following
equation:

½o
DE

Dt
D 8

where 8 is the viscous dissipation function

8 D ¹
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#

for incompressible two-dimensional � ow.
The total internal energy e D E C e0 for compressible inviscid

� ow is obtained from

.½o C ½1 C ½ 0/
De

Dt
C .P C p0/[r ¢ .V C v0/] D 0

The energy equation for the acoustic perturbations is similar to the
energy equation for the compressible inviscid � ow:

@e

@t
C @

@ x
[u.e C p0/] C @

@y
[v.e C p0/] D @u P

@x
C @vP

@y
.6/

This is an inhomogeneousequation in conservation form for the
internal energy � uctuations.Addition of Eq. (6) to Eqs. (4) yields a
system of four equationsfor the computationof sound generatedby
nonisentropic � ows. Equation (6) includes acoustic viscous losses
whereas the density correction ½1 is still assumed to be isentropic.
The left-hand side of the equations governing the acoustic distur-
bances for nonisentropic� ows, given in Appendix A, has the same
form as the compressible, inviscid-�ow equations.Therefore, stan-
dard, inviscid compressible codes can be used for solution of the
acoustic equations, with minor modi� cations.

III. Numerical Implementation
A. Time Integration

Time marching is obtained with a fourth-order Runge–Kutta
method13:

q0 D q .n/; q1 D q0 C c1R.q0/; q2 D q0 C c2R.q1/

q3 D q0 C c3R.q2/; q4 D q0 C c4R.q3/; q .n C 1/ D q4

(7)

where q is the solution vector and R is the right-hand-sideresidual
term.

Implicit time-marching schemes implemented for the compress-
ible Euler equations can be used for implicit time integration of
Eqs. (4). In most applications7;10 the numerical mesh used for the
aeroacoustic computations has a considerably larger grid spacing
than the grid used to obtain the CFD solution of the viscous in-
compressible� ow.Therefore,explicitRunge–Kutta time integration
methods that are not diffusive,have good wave propagationproper-
ties, and allow large time steps are quite suitablefor the aeroacoustic
calculations. In this paper, only an explicit time integration scheme
is used.

B. Space Discretization
Space discretization of the divergence form of the govern-

ing equations can be achieved with standard central-difference
schemes13 that require addition of arti� cial dissipation or compact
schemes.14;15 Upwind schemes, such as � ux-vector splitting16;17

and approximateRiemann solvers18 ;19 developed for the numerical
solution of nonlinear hyperbolic equations, also can be used. In ei-
ther case, high-order space discretization is required to accomplish
propagationof the acousticdisturbanceswith correct amplitude and
phase using the smallest possible number of grid points per wave-
length. The following one-dimensional upwind scheme based on
Roe’s18 � ux-differencesplitting,originallydevelopedas an approx-
imate Riemann solver for the compressible gasdynamic equations,
is used for evaluation of the inviscid � ux terms. Flux-difference
splitting of the convective terms of the governing equations (4) is
performedon the basis of the sign of eigenvaluesof the � ux Jacobian
matrix A D @f=@q of the � ux vectors.

Roe’s � ux-difference splitting approximates the convective � ux
derivative by

@ Of
@x

¼
QFi C 1

2
¡ QFi ¡ 1

2

1x
.8/

where QFi C 1=2 is a numerical � ux given by

QFi C 1
2

D 1
2

£ OF.qi C 1/ C OF.qi / ¡ Ái C 1
2

¤
.9/

In Eq. (9), the � rst two terms yield the second-order, central-
difference scheme and the term Ái C 1=2 represents an upwinding
dissipative term, depending on the � ux difference of the positive
and negative traveling waves. First-order upwinding is obtained by

Ái C 1
2

D 1FC
i C 1

2
¡ 1F¡

i C 1
2

.10/

In practice, a � rst-order scheme is too diffusive to allow solutions
with a reasonable number of grid points. Therefore, the following
third- and � fth-order schemes are used. The third-order-accurate
scheme is obtained when the term Ái C 1=2 is computed as

Ái C 1
2

D ¡ 1
3

h
1F C

i ¡ 1
2

¡ 1FC
i C 1

2
C 1F¡

i C 1
2

¡ 1F¡
i C 3

2

i
(11)

and the � fth-order-accuratescheme is obtained for

Ái C 1
2

D ¡ 1
30

h
¡21FC

i ¡ 3
2

C 111FC
i ¡ 1

2
¡ 61F C

i C 1
2

¡ 31FC
i C 3

2

C 21F¡
i C 5

2
¡ 111F¡

i C 3
2

C 61F¡
i C 1

2
C 31F ¡

i ¡ 1
2

i
(12)

The � ux differences 1F §
i C 1=2 are computed as follows:

1F§
i C 1

2
D A§. Nq/ £ .qi C 1 ¡ qi / .13/
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where Nq contains the Roe average variables, given by

N½ D p
½i C 1 C

p
½i ; Nu D

u i C 1
p

½i C 1 C u i
p

½i

N½

Nv D
vi C 1

p
½i C 1 C vi

p
½i

N½
(14)

and AC , A¡ are the parts of the � ux Jacobian matrix with only
positive and only negative eigenvalues, respectively:

A§ D X3§ X ¡1 .15/

where X and X¡1 are the right and left eigenvectors of the � ux
Jacobianmatrixand3§ is a diagonalmatrixcontainingbothpositive
and negative eigenvalues on the main diagonal. The � ux Jacobian
matrices and X , 3, and X ¡1are given in Appendix B.

C. Boundary Conditions
At the far � eld of the computational domain, the Tam–Webb3

acoustic radiation boundary condition is applied, and the acoustic
variables are obtained as follows:

µ
1

.Vr C c/

@

@t
C cos µ

@

@x
C sin µ

@

@y
C 1

2r

¶
¢ qb D 0 .16/

where qb D .½ 0 C ½1; u0; v0/T and Vr D .U C u 0/ cos µ C .V C
v 0/ sin µ , r D

p
.x2 C y2/, and µ represents the polar angle between

the boundary point and the source location, which is usually at the
origin of the coordinate system. The time derivative is discretized
with a � rst-order-accurate formula, and the computational bound-
aries are updated explicitly. A systematic comparison of different
boundary conditions for aeroacoustics was performed in Ref. 4. It
was found that the Tam–Webb radiation boundary conditions yield
the best results. For more complex problems, with moving acoustic
sources,numericalboundarytreatmentcan be obtainedas suggested
by Hu.20

IV. Results
Computationof the sound� eld generatedby low-speed� ow with

the Hardin and Pope two-step approach requires accurate long-time
integrationof the incompressible,unsteady � ow� eld, so that mean-
ingful time averages for the de� nition of the perturbation density
½1 can be obtained. Viscous � ow� elds must be computed on a nu-
merical mesh different from the mesh required for the aeroacoustic
computation.For example,high resolutionnear the solidboundaries
is not needed for the aeroacousticcomputations.On the other hand,
a rather uniform mesh with very little stretching and approximately
the same number of points per wavelength is required for the aeroa-
coustic calculations. Therefore, the incompressible-�ow variables
mustbe interpolatedon thenumericalmeshusedfor theaeroacoustic
computation. In addition, for most practicalproblems the Reynolds
number is high enough and a turbulent � ow calculation is needed.
Application of a turbulence model introduces additional uncertain-
ties in the � ow� eld computation that eventually affect the aeroa-
coustic calculations. As a result, testing of numerical methods for
the equations governing the aeroacoustics can be time-consuming
for complex � ow� elds. The Hardin–Pope technique was applied
for the computation of sound generation from a corotating vortex
pair.11 ;12 For this problem, both the incompressible � ow� eld and
the sound � eld21;22 have a closed-form solution. This model prob-
lem was used to evaluate the accuracy of the numerical scheme
in Ref. 12. In this paper, testing of the numerical solution of the
equations governing the acoustics is performed for the same model
problem. Computed results are compared with the closed-form so-
lution.The solutionfor the corotatingvortexpair obtainedin Ref. 21
with the method of matched asymptotic expansions(MAE) is used.

The corotating vortex pair consists of two point vortices that
are separated by a � xed distance. A schematic of the corotating
vortices is shown in Fig. 1. These vortices rotate around each
other with a period T D 8¼ 2 R2

o=0. The half distance between
the vortex centers is denoted Ro, and 0 is the vortex circulation.

Fig. 1 Schematic of corotating vortices and the far-� eld Cartesian
mesh.

The inherent unsteadiness of the � ow� eld of the corotating vor-
tices generates sound. Each vortex induces on the other a veloc-
ity vµ D 0=4¼ Ro . A rotating Mach number is de� ned from vµ as
Mr D vµ =co D 0=.4¼ Roco/ D 2¼ Ro=T co , whereco is the freestream
speed of sound. The � ow� eld is obtained from a complex potential
function, and the incompressible-�ow velocities, the hydrodynamic
pressure, and the acoustic pressure � uctuation are given by

U ¡ iV D
0

i¼

z

z2 ¡ b2

P D Po C ½o
0!

¼

µ
Real

³
b2

z2 ¡ b2

´
¡

0r

2¼!Zb

¶

Pav D Po ¡ ½o
02

2¼ 2

r 2

r 4 ¡ R4
o

p0 D p0
A[J2.kr / cos.9/ ¡ Y2.kr/ sin.9/]

p0
A D ½o04

64¼ 3 R4
oc2

o

; 9 D 2.!t ¡ µ /

where z D x C i y D rei µ , b D Roei!t , ! D 0=4¼ R2
o is the angular

speed, Zb D
p

.z2 ¡ b2/, k D 2!=co , and J2.kr /, Y2.kr/ are the
second-orderBessel functions of the � rst and second kind, respec-
tively. The vortex sound theory proposed by Möhring22 also was
used to predict sound from acousticallycompact vortical � ows. Ap-
plication of this theory1 yielded a quadrupole expression for the
acoustic pressure equivalent to the one derived in Ref. 21 with the
MAE solution.

The strength of the vortices is proportional to the circulation 0,
which also determines Mr and the intensity and frequency of the
acoustic � eld. At middle distancebetween the point vortices,which
is the coordinate system origin, the acoustic pressure p0 becomes
singular,and it is very large close to the vortexcenters.In this region,
the hydrodynamicvelocities and pressure have steep and large gra-
dients. In Ref. 11, a vortex core model was used to replace the point
vortices.The vortex core model is not used in this paper; instead, the
mesh pointsare placedfar enoughfrom thevortexcenters.However,
numericalsolutionson gridswith nodes locatedcloserthan the point
vortices’ half-separationdistance Ro could not obtain convergence.

An equally spaced Cartesian grid is used for the numerical solu-
tion. A schematic of the mesh with the vortices is shown in Fig. 1.
The computationaldomain is centeredat theorigin,where the source
is located. The grid has the same number of grid points from the
origin to the far-� eld boundaries. All solutions are computed for
Mr D 0:05,0 D 2¼=10.Grid spacingof1x D 4Ro , where Ro D 1 be-
causeit is usedas referencelength,providesapproximately16points
per wavelength.A coarser grid solution,1x D 6, provides12 points
per wavelength. The acoustic � eld computation starts from zero
values of acousticdensity and velocity � uctuations.Acoustic waves
are generated initially at the origin, where the incompressible-�ow



EKATERINARIS 1037

Fig. 2 Time evolution of the acoustic pressure obtained by the third-
order-accurate scheme at x = 220, y = 0 ( D t = 0:62, D x = 4, Mr = 0:05,
C = 2¼/10).

Fig. 3 Comparison of acoustic pressure obtained by the third-order-
accurate scheme with the analytic solution, along the horizontal direc-
tion ( D t = 0:62; D x = 4, Mr = 0:05; C = 2¼/10).

gradients are the largest. As the unsteady computation progresses,
these waves propagateoutward to the computationalboundariesat a
rate approximately one wavelength per cycle. The solution reaches
time periodicity, when the waves formed at startup are convected
outside of the domain. Depending on the size of the computational
domain, approximately � ve cycles are required to achieve time pe-
riodic response. Most solutions were obtained for computational
domains extending 420 nondimensionalunits x=Ro away from the
source at all directions. Numerical solutions obtained in larger do-
mains have not shown differences.

The time evolution of the computed acoustic pressure, described
in the precedingparagraph, is shown in Fig. 2 for a point x D 220 on
the horizontalaxis. These results are computed with the third-order
accurate scheme of Eq. (11) and a grid spacing 1x D 4. In Fig. 2,
the computed acoustic pressure at half distance between the source
and the outer boundary along the horizontal direction is compared
with the analytic solution. After the transients are removed, the
computed acoustic-pressure time variation is in close agreement
with the analytic solution. The spatial variation of the computed
acoustic pressure along the horizontal from the source to the outer
boundary is compared with the analytic solution in Fig. 3. Close
to the vortices the computation shows only qualitative agreement
with the analytic solution. There is good agreement, however, for
the locations away from the vortices. The same agreement in both
spatial and time variationwas obtainedalong the diagonaldirection
for a line inclined at an angle of 45 deg to the horizontal axis.

In Fig. 4, the time variation of the computed acoustic pres-
sure, for the same location as in Fig. 2, x D 220, is compared with
the analytic solution. The solution shown in Fig. 4 was computed

Fig. 4 Time evolution of acoustic pressure obtained by the � fth-
order-accurate scheme at x = 220, y = 0 ( D t = 0:62, D x = 6, Mr = 0:05,
C = 2¼/10).

Fig. 5 Comparison of the computed acoustic pressure obtained by the
� fth-order-accurate scheme with the analytic solution, along the hori-
zontal direction ( D t = 0:62; D x = 6, Mr = 0:05; C = 2¼/10).

with 1x D 6 and the � fth-order-accurate scheme of Eq. (12). The
� fth-order-accurate computation with grid spacing 1x D 6 yields
essentially the same resolution with the solution obtained with a
third-order-accuratescheme and 1x D 4. The spatial agreement of
the � fth-order-accuratecomputationwith theanalyticsolutionalong
the horizontal direction is shown in Fig. 5. In spite of the reduced
grid spacing, the spatial agreement of the computed solution with
the analyticresultsdoes not deteriorate.Detailedcomparisonsof the
third- and � fth-order-accurate solutions with the analytic solution
are shown in Figs. 6 and 7. The time variation of the acoustic pres-
sure computed with the third- and � fth-order-accurate solutions is
compared to the analytic solution in Fig. 6. The space resolution of
these solutionsis shown in Fig. 7. It is seen in Figs. 3 and5 that, in the
region close to the vortex centers, there are discrepancies from the
analytic solution. Therefore, the comparison in Fig. 7 is performed
for the far � eld only. It is observed that the � fth-order-accurate
numerical solution shows a better agreement with the analytic re-
sults even though it was computed with a larger grid spacing.

The � fth-order-accurate solution is obtained only at a small in-
creaseof the cost neededto computethe third-order-accurateresults.
The comparisons of Figs. 6 and 7 indicate that the � fth-order-
accurate method yields savings of approximately 50% for essen-
tially the same solution quality. The computing cost of the present
method is comparable to the cost of the upwind-biased scheme of
Ref. 12, which utilizes a decompositionof the Jacobian matrix sim-
ilar to the present decomposition given in Appendix B. A typical
computation requires 15 min of CPU time on a single-processorof
a Silicon Graphics, Inc. (SGI), work station. The advantage of the
present approach is that the fully conservative formulation is more



1038 EKATERINARIS

Fig. 6 Effect of order of accuracy on time resolution of the solutions
computed with the third-order scheme and D x = 4, and with the � fth-
order scheme and D x = 6.

Fig. 7 Effect of order of accuracy on space resolution of the solutions
computed with the third-order scheme and D x = 4, and with the � fth-
order scheme and D x = 6.

appropriate for numerical solution of problems that involve nonlin-
ear wave steepening, such as the pulsating sphere problem at high
Mach numbers, which is discussed in Ref. 7. Another advantage
of the present method is that widely available time-accurate, high-
resolution solvers for the compressibleEuler equations can be used
for numerical solutions with the conservative form.

V. Conclusions
The equations governing generation and propagation of aeroa-

coustic disturbancescaused by unsteady, low-speed � ow have been
rewritten for new variables in a divergence form. This form is simi-
lar to the strong conservation-lawform of compressibleEuler equa-
tions.An upwind-biasednumericalschemebasedon � ux-difference
splitting of the convective� ux vectors was applied to the numerical
solution of these equations. Results have been obtained for a sam-
ple problem of a corotating vortex pair that does not require time-
accurate, incompressible-�ow� eld CFD solutions that are CPU in-
tensive. The numerical solution for the radiated sound was in good
agreement with the analytic solution. It was shown that computa-
tion with a high-order-accuratescheme yields essentially the same
accuracy as the lower-order scheme with smaller grid spacing.

Appendix A: Equations for Nonisentropic Flows
The equations governing aeroacoustic disturbances for nonisen-

tropic � ows are

@q
@t

C
@f
@x

C
@g
@y

D
Ds
Dt

where q; f ; g, and s are given by

q D

8
>>><

>>>:

½

½u

½v

e

9
>>>=

>>>;
; f D

8
>>><

>>>:

½u

½u2 C p0

½uv

u.e C p/

9
>>>=

>>>;
; g D

8
>>><

>>>:

½v

½vu

½v2 C p0

v.e C p/

9
>>>=

>>>;

wheree D E C e0 and E is obtainedfrom theviscous,incompressible
� ow solution, and

OS D D

Dt
. O½; O½U; O½V ; 0/T

Appendix B: Eigenvalue and Eigenvector Matrices
The � ux Jacobian matrix A D @ f=@q can be obtained from the

primitive variable � ux Jacobian A0 D @F0=@q0 and the transfor-
mation matrix P D @q=@q0, where q is the conservative variable
vector q D [½; ½u; ½v]T and q0 is the primitive variable vector
q D [½0; u 0; v 0]T .

The conservativevariable � ux Jacobian matrices A; B are given
by

[A] D @f
@q

D

2

64
0 1 0

c2 ¡ u2 2u 0

¡.uv/ v u

3

75

[B] D @g
@q

D

2

64
0 0 1

¡.uv/ v u

c2 ¡ v2 0 2v

3

75

where c is the local speed of sound c2 D @p0=@½ .
The matrices X3 and X¡1 are given by

3A D

2

64
u 0 0

0 u ¡ c 0

0 0 c C u

3

75 ; 3B D

2

64
v 0 0

0 v ¡ c 0

0 0 v C u

3

75

X A D

2

64
0 1 1

0 .u ¡ c/ .u C c/

v v v

3

75

X B D

2

64
0 1 1

u u u

0 .v ¡ c/ .v C c/

3

75

X¡1
A D

2

64
¡1 0 1=v

.c C u/=2c ¡1=2c 0

.c ¡ u/=2c 1=2c 0

3

75

X¡1
B D

2

64
¡1 1=u 0

.v C c/=2c 0 ¡1=2c

.c ¡ v/=2c 0 1=2c

3

75

The matrices X3 and X ¡1 have very simple structure. Also, the
� ux Jacobiansand the eigenvaluesare of the same form in the trans-
formed and in the original set of equations.
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